FUCHSIAN EQUATION, HERMITE-KRICHEVER ANSATZ AND 

PAINLEVE EQUATION 



KOUICHI TAKEMURA 

Abstract. Several results on Heun's equation are generalized to a certain class of 
Fuchsian differential equations. Namely, we obtain integral representations of solu- 
tions and develop Hermite-Krichever Ansatz on them. In particular, we investigate 
linear differential equations that produce Painleve equation by monodromy preserv- 
ing deformation and obtain solutions of the sixth Painleve equation which include 
Hitchin's solution. The relationship with finite-gap potential is also discussed. 



1. Introduction 

It is well known that a Fuchsian differential equation with three singularities is 
transformed to a Gauss hypergeometric equation, and plays important roles in sub- 
stantial fields in mathematics and physics. Several properties of solutions to the 
hypergeometric equation have been explained in various textbooks. 

A canonical form of a Fuchsian equation with four singularities is written as 




dw w{w — l){w — t) 
with the condition 

(1.2) 7 + 5 + e = a + /? + l, 

and is called Heun's equation. Despite that Heun's equation was resolved in the 19th 
century; several results of solutions have only been recently revealed. Namely, integral 
representations of solutions, global monodromy in terms of hyperelliptic integrals, 
relationships with the theory of finite-gap potential and the Hermite-Krichever Ansatz 
for the case 7, 5, e, a - /5 G Z + | are contemporary (see [HElIinilinilllllinilinilin! 
etc.), though they are not written in a textbook on Heun's equation jH]. 

In this paper, we consider differential equations which have additional apparent 
singularities to Heun's equation. More precisely, we consider the equation 

:i.3) 




(Elo h + E^i nO(-i - ^0 + Ell h + T^U + P + E^i 

4w(w — l){w — t) 



f{w) = 0, 



for the case /j G Z>o (0 < i < 3), r^/ G Z>o {I < i' < M) and the regular singular 
points bii {1 <i' < M) are apparent. 
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By a certain transformation, Eq. ()1.3|) is rewritten in terms of elliptic functions such 

as 

(1.4) 

r ^2 3 

+ E (t (t + (''(^- - + '^(^ + + r;?^) - 4 = »■ 

with the condition that logarithmic solutions around the singularities x = ±5,/ 
{i' = 1,...,M) disappear. We then establish that solutions to Eq. p.4p have an 
integral representation and they are also written as a form of the Hermite-Krichever 
Ansatz. For details see Proposition 13 . 31 and Theorem 13. 51 Note that the results on the 
Hermite-Krichever Ansatz are related to Picard's theorem on differential equations 
with coefficients of elliptic functions j3 §15.6]. By the Hermite-Krichever Ansatz, we 
can obtain information on the monodromy of solutions to differential equations. 

Results on integral representation and the Hermite-Krichever Ansatz are applied for 
particular cases. One example is Painleve equation. For the case M = 1 and ri = 1, 
it is known that Eq. ()1.3j) produces the sixth Painleve equation by monodromy pre- 
serving deformation (see [6 ). On the other hand, solutions to Eq. ()1.4p are expressed 
as a form of the Hermite-Krichever Ansatz for the case /j G Z>o {i = 0,1,2,3), 
and we obtain an expression of monodromy. Fixing monodromy corresponds to the 
monodromy preserving deformation; thus, we obtain solutions to the sixth Painleve 
equation by fixing monodromy (see section H}. For the case /q — li — I2 — ^3 — 0, we 
recover Hitchin's solution 

Results on integral representation and the Hermite-Krichever Ansatz are also ap- 
plicable to differential equations related with finite-gap potential. The potential of 
the Schrodinger operator as Eq. p.4|) for the case M = is called Treibich-Verdier 
potential and is an example of a finite-gap potential. For this case, the differ- 
ential equation is transformed to Heun's equation. If M = 1, ri = 2, si = and 61 
satisfies a certain algebraic equation (si and 61 appear in Eq. p.4|) ). then it is seen 
[THl ITT] that the potential is a finite-gap and is also Picard's in the sense of . For 
this potential, in this paper we provide a viewpoint from a Fuchsian equation with 
an apparent singularity, and more results are produced in [T7j . 

This paper is organized as follows. In section |21 we introduce Fuchsian differential 
equations and rewrite them to the form of elliptic functions. The definition of ap- 
parent singularity and its property are mentioned. In section El we obtain integral 
representations of solutions to the differential equation of the class mentioned above 
and rewrite them to the form of the Hermite-Krichever Ansatz. To obtain an integral 
representation, we introduce doubly-periodic functions that satisfy a differential equa- 
tion of order three. Some properties related with this doubly-periodic function are 
investigated, and we obtain another expression of solutions that looks like the form 
of the Bethe Ansatz (see Proposition I3.12|) . In section^ we consider the relation- 
ship with the sixth Painleve equation. We show that solutions of the sixth Painleve 
equation are obtained from solutions expressed in the form of the Hermite-Krichever 
Ansatz of linear differential equations considered in section El by fixing monodromy. 
Some explicit solutions that include Hitchin's solution are displayed. In section 
we discuss the relationship with the results on finite-gap potential. In section IHl we 
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give concluding remarks and present an open problem. In the appendix, we note 
definitions and formulae for elliptic functions. 



2. FUCHSIAN DIFFERENTIAL EQUATION 

To begin with, we introduce the following differential equation; 
(2.1) 

\(^^^ -2 - ei f^^z-bi'jdz A{z - ei){z - e2)iz - es) 

where N = J2'i=oh + Xli'Li'^j'- This equation is Fuchsian, i.e., all singularities 
{ei}i=i,2,3, {bi'}i'=i,...,M and oo are regular. The exponents at z = Ci {i = 1,2,3) 
(resp. z = bi' {i' = 1, . . . , M)) are and U + 1/2 (resp. and + 1), and the expo- 
nents at 2 = oo are N/2 and (A^ — 2Zo — l)/2. Conversely, any Fuchsian differential 
equation that has regular singularities at {ej}i=i,2,3, {&j'}i'=i,...,Af and oo such that 
one of the exponents at Cj and hi/ for all i G {1, 2, 3} and i' G {1, . . . , M} are zero 
is written as Eq. (|2.ip . By the transformation z ^ z + a, we can change to the case 
Ci + 62 + 63 = 0. In this paper we restrict discussion to the case ei + 62 + 63 = 0. 
We remark that any Fuchsian equation with M + 4 singularities is transformed to 
Eq. (|2.1|) with the condition Ci + 62 + 63 = 0. 

It is known that, if ci + 62 + 63 = and ei 7^ 62 7^ 63 7^ ci, then there exists some 
periods (2a;i, 2a;3) such that p{uji) = ci and p^uj^) = 63, where p{x) is the Weierstrass 
p-function with periods {2uji, 2^03). We set uq = and uj2 = —uJi —003. Then we have 

p{uJ2) = 62. 

Now we rewrite Eq. ()2.H) in an elliptic form. We set 

3 M 

(2.2) ^,) = Y[{z-er''^'l[{z-b,)-^^'/\ z = pix), 

i=l i'=l 

and f{z)^{z) = f{x). Then we have 

(2.3) iH-E)f{x) = 0, 
where if is a differential operator defined by 

(2.4) H = -^ + vix), 

dx'^ 

3 

(2.5) v{x) =Y^li{li + l)p{x + uji) 

i=0 

M 

+ E Y (y + 1) - + + + 



/(^) = 0, 



4 



KOUICHI TAKEMURA 



and 

(2.6) p{6,) = h,, (z' = l,...,M), 

1 X ( 

(2.7) Oi. = -s,' + n. { -n.{l2hl - g2) + -{4bl ' ' 

+2(/i(6i/ - e2)(&i' - 63) + hihv - ei)(6j/ - 63) + hihi, - e^ihy - 62))} 

1 

(2.8) p = E + (eiZ^ + 62/^ + 63/3) - 2(/i/2e3 + hhex + ^3^162) " 2 5Z 

i'=i 

M 3 / M \ ( ^ 

+ 2 J] ^ /in,(ei + 6i0 + 21^ 6i/ri, j I ^ n,/ 

j'=l i=l \j'=l / \j'=l 

(2.9) 5-2 = -4(eie2 + 6263 + 6361), 5f3 = 4616263. 

Conversely, Eq. ()2.H) is obtained from Eq. ()2.3p by the transformation above. 
We consider another expression. Set 



j'=l / \ v=\ 



M 

Si' 



Till 



M 

(2.11) /,(x) = /(x)v[/,(x), vl/^(x) = n(p(^)-p(^^')^'/'- 

i'=i 

Then Eq. (|2.3|) is also equivalent to 

(2.12) {H,-E-C,)j,{x) = ^, 
where 

(2.13) 5,, = s, - r, \ ^r,,(1262 _ g^) + 1(463 _ g^h, -g.^\y^ — 

-.A/ /A/ \ / M 

(2.14) C, = --5^6,rf, + 2K^6,r, K^r, 

j'=l \i'=l / \i'=l / 

In this paper, we consider solutions to Eq. ()2.H) . which is equivalent to Eq. ()2.3p or 
Eq. ()2.12p for the case U G Z, and the regular singular point z = bi' is apparent for 
all i'. Here, a regular singular point x = a of a linear differential equation of order 
two is said to be apparent, if and only if the differential equation does not have a 
logarithmic solution at x = a and the exponents at x = a are integers. It is known 
that the regular singular point x = a is apparent, if and only if the monodromy 
matrix around x = a is a unit matrix. Note that Smirnov investigated solutions in 
[TT] with the assumptions Si' = and r,/ G 2Z for all i'. 

We consider the condition that the regular singular point x = a is apparent. More 
precisely, we describe the condition that a differential equation of order two does not 
have logarithmic solutions at a regular singular point x = a for the case 0:2 — «i G Z, 
where ai and 02 are exponents at x = a. If ai = 02, then the differential equation 
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has logarithmic solutions at a; = a. We assume that the exponents satisfy 0:2 — ai = 
n G Z>i. Since the point x = a is a regular singular, the differential equation is 
written as 



K i=o i=o 



q,{x-ay-'y{x) = Q. 

Let F{t) be the characteristic polynomial at the regular point x = a, i.e. F{t) = 
t'^ + {Po " 1)^ + Qo- From the definition of exponents, we have F{ai) = F{ai + n) = 0. 
We can now calculate solutions to Eq. ()2.15|) in the form 

00 

(2.16) f{x) = J2c,{x-ar^^, 

j=0 

where f{x) is normalized to satisfy Cq = 1. By substituting it into Eq. ()2.15p and 
comparing the coefficients of {x — a)"^"'"-'"^, we obtain the relations 

i-i 

(2.17) F(ai + j)cj + 5^{(ai + j')Pi-i' + Qj-Acj' = 0. 

j'=0 

If the positive integer j satisfies F{ai + j) 7^ (i.e. j 7^ 0,n), then the coefficient Cj 
is determined recursively. For the case j = n, we have F{ai + n) = and 

n-l 

(2.18) ^{(a,+/)p 

n— 

f + qn-j'}Cj' = 0. 

i'=o 

Eq. ()2.18p with recursive relations ()2.17p for j = l,...,n — 1 is a necessary and 
sufficient condition that Eq. (|2.15p does not have a logarithmic solution for the case 
a2 — ai = n e Z>i. In fact, if po,qo, . . . ,Pn,(ln satisfy Eq. ()2.18| l. then there exist 
solutions to Eq. ()2.15j] that include two parameters cq and c„. Thus any solutions 
are not logarithmic at x = a. Conversely, if Eq. ()2.18p is not satisfied, there exists a 
logarithmic solution written as /(x) = Yl^o^^ji^ ~ (i)"'^^'' + log(x — a) J2^n^ji^ ~ 
a)°i+^'. 

It follows from p{6ir) = hii and p'(5j') 7^ that, the monodromy matrix to Eq. ()2.1|) 
around a regular singular point z = bi' is a unit matrix, if and only if the monodromy 
matrix to Eq. (j2.12p around a regular singular point x = ±(5j/ is a unit matrix. It is 
obvious that, if the monodromy matrix to Eq. (j2.1|) around a regular singular point 
z = bi' is a unit matrix, then we have rj/ G Z^q- In fhis paper we assume that 
Ti' G Z>o for all i'. 

3. Integral representation and the Hermite-Krichever Ansatz 

We introduce doubly-periodic functions to obtain an integral expression of solutions 
to Eq.(I23I) for the case k G Z>o {i = 0,1,2,3), r^/ G Z>o {i' = 1,...,M) and the 
regular singular points z = bii {i' = 1, . . . , M) of Eq. ()2.1|) are apparent. 

Proposition 3.1. If li G Z>o {i = 0,1,2,3), r^/ G Z>o {i' = 1,...,M) and regular 
singular points z = bi' {i' = 1, . . . , M) of Eq. \2. 1]) are apparent, then the equation 
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has an even nonzero doubly-periodic solution that has the expansion 

3 h-1 M V-l j(i') 

(3.2) ^ e„ + ^ ^ + + E E M^-U)y'-' - 

i=0 j=0 i'=l j=0 ^ ^ !> V W7 

Proof. First, we show a lemma that is related to the monodromy of solutions to Eq. 
flTT^ . 

Lemma 3.2. If lQ,li,l2,h ^ ^>0; then the monodromy matrix of Eq.^^~T^ around a 
point X = niuji + n^uo^ {ni,n3 & Z) is a unit matrix. 

Proof. Due to periodicity, it is sufficient to consider the case x = Ui {i = 0,1,2,3). 
We ffist deal with the case i = 1,2,3. The exponents at the singular point x = ut 
{i = 1, 2, 3) are — /j and k + l. Because Eq. (j2.12p is invariant under the transformation 
X — uJi —{x — uji) and the gap of the exponents at a; = Ui (i.e. k + 1 — {—h)) is 
odd, there exist solutions in the form fi,i{x) = (x — ti;j)~''(l + Yl^i ^ji^ ~ '^«)^"') 
fi,2{x) = (x — + YlJLi'^'ji^ ~ ^i)^'^)- Since the functions fi,i{x) and fi,2{x) 

form a basis for solutions to Eq. (j2.12|) and they are holomorphic around the point 
X = Ui, the monodromy matrix around x = cUj is a unit matrix. For the case i = 0, 
the exponents at x = are —Iq — X]f'!=i ^i' + 1 ~ Xl^li '^j'; similarly it is 

shown that the monodromy matrix around the point x = is a unit matrix. Hence 
we obtain the lemma. □ 

We continue the proof of Proposition 13.11 Let Mi {i = 1,3) be the transformations 
obtained by the analytic continuation x —>■ x + 2uji. It follows from double-periodicity 
of Eq.(I2II2I) that, if fg{x) is a solutions to Ea. dTT^ . then Mifg{x) {i = 1,3) is also 
a solution to Eq. ()2.12j) . From the assumption that regular singular points z = hii 
are apparent for all i' , the monodromy matrix to Eq. (j2.12j) around a regular singular 
point X = ±5j' is a unit matrix for all i' . By combining with Lemma 13.21 it follows 
that all local monodromy matrices around any singular points are units. Hence the 
transformations Mj do not depend on the choice of paths. From the fact that the 
fundamental group of the torus is commutative, we have M1M3 = M3M1. Recall 
that the operators Mj act on the space of solutions to Eq. ()2.12p for each E, which 
is two dimensional. By the commutativity M1M3 = M3M1, there exists a joint 
eigenvector Ag(x) for the operators Mi and M3. It follows from Proposition 13.21 and 
the apparency of singular points that the function Ag(x) is single- valued and satisfies 
equations {Hg — E — Cg)Ag{x) = 0, MiAg{x) = miAg(x) and M3Ag(x) = rhsAg^x) 
for some rhi, rhs G C \ {0}. By changing parity x ^ — x, it follows immediately that 
{Hg- E- Cg)Kg{-x) = 0, MiAg(-x) = 171^ ^ A g {- x) snid MiAg{-x) = mg ^Ag(-x). 
Then the function Ag{x)Ag{—x) is single-valued, even and doubly-periodic. We set 
A(x) = Ag(x)/\l/g(x). Then A(x) and A(— x) are solutions to Eq. ()2.3p . 

Now consider the function S(x) = Ag(x)Ag(— x)/\l/c,(x)^. Since the function \l/g(x)^ 
is single- valued, even and doubly-periodic, the function S(x) is single- valued, even 
(i.e. H(x) = S(— x)), doubly-periodic (i.e. S(x + 2lji) = S(x + 2003) = S(x)), and 
satisfies the equation 

( , , , , d dvix) 1 „ , , 

— - 4 {v{x) -E) — - 2-^ S(x) = 
dx'^ ttx ttx J 

that the products of any pair of solutions to Eq. ()2.3|) satisfy. 
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Since the function is an even doubly-periodic function that satisfies the dif- 
ferential equation (j3.1|) and the exponents of Eq. (j3.1|) at x = Ui = 0, . . . , 3) (resp. 
X = ±Si' {i' = 1,...,M)) are — 2/j, 1,2/i -|- 2 (resp. —ri',l,ri' + 2), it is written 
as a rational function of variable p{x), and it admits the expansion as Eq. ()3.2|1 by 
considering exponents. □ 

The function E{x) is calculated by substituting Eq. ()3.2|) into the differential equa- 
tion p.ip and solving simultaneous equations for the coefficients. We introduce an 
integral formula for a solution to the differential equation Eq. ()2.3|) in use of the func- 
tion Set 

(3.3) Q = H(x)2 {E - vix)) + lEix)^'^^""^ ^ ^"^^ 



2 dx"^ A \ dx 

It follows from Eq. (|3.1|) that 

dO , / dE(x) , ^ , .dv(x) d^E(x)\ 

= -S(x) 4— ^(E - vix)) - 2E{x)^ + —Y = 0. 
dx 2 \ dx dx dx"^ J 

Hence the value Q is independent of x. 

Proposition 3.3. Let S(x) be the doubly-periodic function defined in Proposition VJ . 1\ 
and Q be the value defined in Eq. \3. Then the function 



(3.4) A(x) = V^exp / ^C^, 

J ^[x) 

is a solution to the differential equation \2.'J\) . and the function 



(3.5) Kg{x) = ^g{x)^E{x)e^v 

is a solution to the differential equation h2.1^] . 
Proof. From Eqs. (j3.4l 13. 3|) we have 



yJ—Qdx 



A^X) _ 1 E'{X) y/^g 

^ ' A(x) 2 S(x) S(x) ' 

f3 7) A"(x)_l-(x)_l /S'(x)y_ Q 

A(x) " 2 S(x) 4 V H(x) ) S(x)2 " ''^'^^ 

Hence we have — ^A(x) + f (x)A(x) = EK{x). It follows from the equivalence of 
Ea. (im|) and Ea. dO^ that the function A3(a;) is a solution to Ea. dTT^ . □ 

Proposition 3.4. If Q ^ 0, then the functions A{x) and A(— x) are linearly inde- 
pendent and any solution to Eq. \2. 'J\) is written as a linear combination of A{x) and 
A{-x). 

Proof. It follows from Eq. (j3.6j) and the evenness of the function S(x) that 

.,o^ |:A(-x) _lS-(x) v/=g 

^ ' A{-x) 2 E{x) E{x) ■ 

Hence we have 



(3.9) A(-x)-^A(x) - A(x)-^A(-x) = A(x)A(-x)'%^. 

dx dx ^[x] 
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If A(a;) and A(— a;) are linearly dependent, then the I.h.s. of Eq. ()3.9|) must be zero; 
however, this is impossible because Q 0. Hence the functions A(x) and A(— a;) are 
hnearly independent. It follows from the invariance of Eq. fl2.3j) with respect to the 
transformation x ^ —x that A(— x) is also a solution to Eg. ()2.3|1 . 

Since solutions to Eq. ()2.3p form a two-dimensional vector space and the functions 
A(x) and A(— x) are linearly independent, the functions A(x) and A(— x) form a basis 
of the space of solutions to Eq. ()2.3p . and any solution to Eq. fl2.3|) is written as a linear 
combination of A{x) and A{—x). □ 

It follows from Proposition 13 . 41 that . if Q 7^ 0, then the functions A.g{x) and Ag{—x) 
are linearly independent, and any solution to Eq. ()2.12j) is written as a linear combi- 
nation of Ag{x) and Ag{—x). 

From the formulae ()3.4| I3.5|l and the doubly-periodicity of the functions H(x) and 
\E'g(x)^, we have 

(3.10) A{x + 2c.,) = ±A(x) exp / (j = 1, 3), 

(3.11) Ag{x + 2cu,) = ±A,(x) exp / ^ , (j = 1, 3), 

with e a constant determined so as to avoid passing through the poles while integrat- 
ing. The sign ± is determined by the analytic continuation of the function ^^^(x), 
and the integrations in Eqs. ()3.10[ I3.11|) may depend on the choice of the path. The 
function A(x) may have branching points, althought the function Ag[x) does not 
have branching points and is meromorphic on the complex plane, because Ag[x) is 
a solution to Eq. ()2.12|) and any singularity of Eq. ()2.12|) is apparent. It follows from 
Eq. ()3.11|) that there exists mi, 7713 G C such that 

(3.12) Ag{x + lujj) = exp{'K\^mj)Ag{x), {j = 1, 3). 

We now show that a solution to Eq. ()2.3|) can be expressed in the form of the 
Hermite-Krichever Ansatz. We set 

(3.13) <l>,(x, a) = exp(C(a)x), (z = 0, 1, 2, 3), 

a[x + Uij 

where o"(x) (resp. C{x)) is the Weierstrass sigma (resp. zeta) function. Then we have 

— j $,(x + 2ujj, a) = exp{-2r]ja + 2ujjC{a)) ( — j <l>i(x, a) 

for z = 0, 1, 2, 3, j = 1, 2, 3 and k G Z>o, where rjj = ({uj) (j = 1, 2, 3). 

Theorem 3.5. Set Iq = Iq + X^i^i ^i' ^'^^ = h {i = 1, 2, 3). The function Ag{x) in 
Eg. \3. 5)) is expressed as 



(3.15) A,(x) =exp(«:x) (EE^? (^)' 
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for some values a, k and if-^ (i = 0, . . . , 3, j = 0, . . . , /j — 1), or 
(3.16) A,(a;)=exp(/s:a;) ( c + J] J] &f + + E ' 

\ i=0 7=0 ^ ^ i=l 



for some values k, c, Ci {i = 1, 2, 3) and h^-^ (z = 0, . . . , 3, j = 0, . . . , Zj — 2). 
If the function Ag(x) expressed as Eq. \3.1^) . then 

(3.17) Kg{x + 2a;j) = exp(-2r7ja + 2ujjQ{a) + 2Kcjj)A3(a;), (j = 1, 3), 
else 

(3.18) Ag(x + 2ujj) = exp{2Rujj)Ag{x), (j = 1, 3). 
Proof. Set 

(3.19) a = — mitus + m3u;i, 

where mi and are determined in Eq. ()3.12p . 
If a ^ (mod 2co'iZ © 2UJ3Z), then we set 

(3.20) K = ({miUJ3 - rrisui) - miT]3 + msT]i. 

It follows from Legendre's relation rjiu^ — rj^ui = 7r^/^/2 that 



d^' 



(3.21) exp{K{x + 2ujj)) j (^i{x + 2iUj,a) 

= exp{—2rija + 2ujj{({a) + k)) exp(/tx) (^^J ^ii^, ct) 

(d \ ^ 
— J $i(x,a) 



d^' 



= exp(7rv — Imj) exp(Kx) (^^J ^li^, C() 

for i = 0, 1,2,3, j = 1,3 and k G Z>o. Hence the function Ag{x) and the functions 

exp(Kx) {x,a) have the same periodicity with respect to periods (2ci;i, 2ti;3). 

Since the meromorphic function Ag{x) satisfies Eq. ()2.12p . it is holomorphic except 
for Zui © Zcus and has a pole of degree k or zero of degree + 1 at x = cjj (z = 
0, 1, 2, 3). The function exp(Kx) (^) $i(x, a) has a pole of degree k + 1 at x = Ui. 

By subtracting the functions exp(fi:a;) (^)'^ '^'i(a^, a) from the function Ag{x) to erase 
the poles, we obtain a holomorphic function that has the same periods as ^o{x,a), 
and must be zero. Hence we obtain the expression ()3.15j) . The periodicity (see 
Eq.(jSin|)) follows from Eq.dSIIH). 

If a = (mod 2u;iZ © 2ci;3Z) (i.e. miuj^ = m^uji (mod 2u;iZ © 2c(j3Z)), then we set 

(3.22) R = -mi?73 + m3?7i. 

The function Ag{x) and the function exp(fi;x) have the same periodicity with respect 
to periods {2lji,2lj3). Hence the function Ag{x) exp{—Rx) is doubly periodic, and 
we obtain the expression ()3.16|) by considering the poles. Periodicity (see Eq. ()3.18|) ) 
follows immediately. □ 
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We investigate the situation that Eq. ()2.12|) has a non-zero solution of an eUiptic 
function. Let J^ei.eg and ^^1,^3 (ei,e3 G {±1}) be the spaces defined by 

(3.23) :F,^_,3 = {/(x): meromorphic + 2ui) = ei/(x), /(x + 2U3) = esf^x)}, 

f{x)'ifg{x) G J^ei,t3 and holomorphic 
except for Zuji © Zcja, and the degree of the pole at 

li^ 1 1,2,3, 



(3.24) ^,,,,3 = <^ fix) 



X = ijji is no more than 



where i^uj^.^oj-i) are basic periods of elliptic functions. Then T^^^^^, is a finite- 
dimensional vector space. Note that, if a solution j{x) to Eq. ()2.3j) satisfies the condi- 
tion /(x + 2a;i)*3(x + 2u;i) = ei/(x)^fg(x) and jix^lu^)'^ gix^lu^) = e3f{x)'^g{x) 
for some €1,63 G {±1}, then we have /(x) G ^ei.eg, because the position of the poles 
and their degree are restricted by the differential equation. 

Proposition 3.6. Assume that Eg. \2. 'J^) has a non-zero solution in the space ^ei,t3 
for some 61,63 G {±1}- Then the signs (61,63) are determined uniquely for each E, 
Si' (z' = 1,...,M) etc. 

Proof. Assume that Eq. ()2.3p has a non-zero solution in both the spaces .7^e-j^^£3 and 
^t'^,e'.y Let /i(x) (resp. /2(x)) be the solution to the differential equation (j2.3|) in the 
space J^ei.es (resp. the space .^^'j,^)- Then periodicity of the function fi{x)'^g{x) and 
/2(x)\E'c,(x) is different, more precisely there exists j G {1,3} such that 

/i(x + 2ujj)^g{x + 2ujj) = ±fi{x)^g{x), 

/2(X + 2ujj)^g{x + 2Uj) = Tf2{x)^g{x). 

Then the functions /i(x) and /2(x) are linearly independent. Since the functions 
/i(x) and /2(x) satisfy Eq.dZHI), we have ± (/2(x)/{(x) - /i(x)/^(x)) = /2(x)/f (x) - 
/i(x)/2 (x) = 0. Therefore /2(a;)/( (x) — /i(x)/2(x) = C for constants C, and C is non- 
zero, which follows from linear independence. By Eq. ()3.25p . the function (/2(x)/{(x) — 
/i(x)/2(x))\E'c,(x)^ is anti-periodic with respect to the period 2ujj, but it contradicts 
to C 7^ 0. Hence, we proved that Eq. ()2.3j) does not have a non-zero solution in both 
the spaces J^ei,ez and J^e'^,e'^- D 

Proposition 3.7. If Q = 0, then we have A(x) G J-'ei,e-j, for some 61,63 G {±1}- 

Proof. It follows from Eq. ()3.4|1 and the double-periodicity of the function S(x)\E'g(x)^ 
that 



(3.25) 



(3.26) (A(x + 2u;,)^g{x + 2^,))^ = {A{x)^g{x)y = S(x)vl/,(x)^ 

for j = 1,3. Hence A(x + 2Ljj)'^g{x + 2ujj) = ±A(x)\E'g(x) (j = 1,3) and we have 
A(x) G ^ei,e3 for some 61,63 G {±1}- □ 

It follows from Proposition 13.11 that the dimension of the space of solutions to 
Eq. p.ip . which are even doubly-periodic, is no less than one. Since the exponents of 
Eq. (j3.1|) at X = are — 2/o, 1 and 2/o + 2, the dimension of the space of even solutions 
to Eq. (j3.ip is at most two. Hence, the dimension of the space of solutions to Eq. (|3.1|) . 
which are even doubly-periodic, is one or two. 

Proposition 3.8. Assume that the dimension of the space of solutions to Eq. / I^/. 1]) . 
which are even doubly-periodic, is two. The all solutions to Eq. \2.^) are contained in 
the space Tei,ez /^'^ some 61,63 G {±1}- 
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Proof. Since the differential equation ()2.3|) is invariant under the change of parity 
X <-> —X, a basis of the solutions to Eg . (12 .31) is taken as fe{x) and fo{x) such that fe{x) 
(resp. fo(yX)) satisfies /e(— x) = fe{x) (resp. fo{—x) = —fo{x)). Then the functions 
fe{xY and fo{xY are even and they are solutions to Eq. ()3.1|l . Since the dimension of 
the space of even solutions to Eq. ()3.1|) is at most two, and the dimension of the space 
of solutions to Eq. ()3.1|) . which are even doubly-periodic, is two, the even functions 
fei^Y and fo{xY must be doubly-periodic. Hence (/e(a; + 2ujj)^g{x + 2c<jj))^ = 
{fe{x)-^g{x)f {j = 1,3) and it follows that fe{x + 2oj/)^g(x + 2u;j) = ±fe{x)'^g{x) 
(j = 1,3). Therefore we have fe{x) G ^ei.ea for some ei, es G {±1}. Similarly we have 
fo{x) G for some e'x, £3 G {il}, and it follows from Proposition that e'- — 

(j = 1,3). Since fe{x) and fo{x) are a basis of solutions to Eq. ()2.3p . all solutions to 
Eq. ()2.3p are contained in the space ^ei^ea- D 

Proposition 3.9. If M = or (M = 1 andvi = 1), then the dimension of the space 
of solutions to Eq. VJ. 1]) . which are even doubly-periodic, is one. 

Proof. Assume that the dimension of the space of solutions to Eq. ()3.ip . which are 
even doubly-periodic, is two. From Proposition 13.81 all solutions to Eq. ()2.3p are 
contained in the space ^ei,e3 for some €1,63 G {±1}. Since the differential equation 
()2.12|) is invariant under the change of parity x ^ —x, a basis of the solutions to 
Eq. ()2.12j) is taken as /i(x) and f2(yX) such that fi{x) (resp. f2{x)) is even (resp. 
odd) function. From the assumption that Zj G Z (z = 0,1,2,3) and that regular 
singular points bi' are apparent {i' = 1,...,M), the functions fi{x) and f2{x) are 
meromorphic. Since the function /i(x) (resp. f2{,x)) satisfies Eq. ()2.12|) . it does not 
have poles except for Zcji © Zu;3. Hence the function fi{x) admits the expression 
f^{x) = p^{xf-p2{xf'P^{xf'{P^^Kp{x)) + p'{x)P^^\p{x))), where p,{x) {i = 1,2,3) 
are co-p functions and P''^^(z), P^'^\z) are polynomials in z. Since the function 
fi{x) is even, we have P'^^\z) = or P'^'^\z) = 0. By combining with the relation 
p'{z) = —2pi{z)p2{z)p3{z), the function fi{x) is expressed as 

(3.27) f,ix) = p,ixf^p2{xf'p3{xy'PMx)), 

where Pi{z) is a polynomial in z. Because the exponents of Eq. ()2.12j) a.t x = Ui 
{i = 1, 2, 3) are — and k + 1, we have Pi G {—h, h + 1} (i = 1, 2, 3). Similarly the 
function f2{x) is expressed as 

(3.28) f2ix) = p,{xY'^p2{xf^p,{xY'^P2{p{x)), 

where P2{,z) is a polynomial in z and [3[ G {— /j, U + l}. 

Since the functions pj(x) (i = 1, 2, 3) are odd and the parity of functions /i(x) and 
f2{,x) is different, we have Pi + [32 + P^ ^ P'l + [3'2 + P'^ (mod 2). Since fj{x + 2uji) = 
(_l)/3.+ft/^.(3,)^ /,(a; + 2a;3) = {-1)^^+^^ f,{x) (j = 1,2), we have p, + p, ^ p'^ + p'^ 
(mod 2) and /3i +/32 = /S^ + P'^ (mod 2). Hence we have pi ^ p[ (mod 2) for i = 1, 2, 3. 
Therefore (A, AO = + 1) or (A, A) = {k + 1, -^i) for each i G {1,2,3}. Let 

A (resp. A) be the exponent of the function f\{x) (resp. f2{x)) at x = 0. Since 
the parity of functions fi{x) and f2{x) is different and the exponents of Eq. (j2.12j) at 
a; = are -/q - Y^fLi ^i' and h + l- YaLi ri' , we have (A, A) = (-^0 - Y^fLi ri' , k + 

1 - T^fLi ri') or (A, A) = (^0 + 1 - Ef=i ^i', -lo - T^fLi ri')- 

Since the function fi{x) is doubly-periodic with periods (4^71,4^73), the sum of 
degrees of zeros of /i(x) on the basic domain is equal to the sum of degrees of poles 
of fi{x). Since the function fi{x) does not have poles except for Zuji © Zco'3, we 
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have ^i=oA < 0. Similarly we have ZlLoA' ^ 0- Hence > ^i=o(A + Pi) = 
4 — 2 Yli'=i '^i'- Therefore we have X]i'=i ^i' ^2. 

Thus we obtain that, if M = or (M = 1 and ri = 1), then the dimension of the 
space of solutions to Eq. ()3.1|l . which are even doubly-periodic, is one. □ 

Note that the case M = corresponds to Heun's equation, and the case M = 1 
and ri = 1 is related with the sixth Painleve equation. 

Example 1. Let us consider the following differential equation: 




This equation corresponds to the case lo = 1, li = I2 = h = 0, M = 2 andvi = r2 = 1, 
if g2 ^ 0- From the relation 

(3.30) ^'^"^ 



a basis of the solutions to Eg. 2iJ\} is 1, p'{x). The dimension of the solutions 
to Eq. \S. which are even doubly-periodic, is two, and a basis of the solutions to 
Eq. \S. 1\) is written as l/p"{x), p'{xY/p"{x), p'{x)/p"{x). 

Proposition 3.10. Assume that the dimension of the space of the solutions to Eq. i3. 1]) . 

which are even doubly-periodic, is one. Let co, b^j^ and d^j ^ be constants defined in 
Ea.KTm. 

(i) If there exists a non-zero solution to Eq. \2. in the space J^e^.n-i foi" some 61,63 G 

{±1}, then we have Q = 0. 

(11) IfQj^O and k ^ 0, then bf ^ 0. 

(Hi) If Q ^ and Iq = 0, then S(0) 7^ 0. In particular, if Q ^ and lo = h = h = 
I3 = 0, then Co 7^ 0. 

Proof. First we prove (i). Suppose that there exists a non-zero solution to Eq. (j2.3p 
in the space ^ei,e3 and Q 0. From the condition Q 7^ 0, the functions A(x) and 
A(— a;) form the basis of the space of the solutions to the differential equation ()2.3p . 
Since there is a non-zero solution to Eq. ()2.3p in the space ^ei,e3, there exist constants 
(Ci,C2) ^ (0,0) such that CiA(x) + C2A{-x) E J^ei.eg- By shifting x ^ x + 2uJi 
{i = 1, 3), it follows from Ea. ^H^ that 

(3.31) {CiA{x + 2uji) + C2A(-(x + 2cji)))^g(2; + 2uJi) 

= CiA{x + 2uji)-^g{x + 2uji) ± C2A{-x - 2uji))'^g{-x - 2ui) 

= Ci exp(7r-\A-Tmj)A(x)\l'g(x) ± C2 exp(— 7r-\A-Tmi)A(— s)^g(— a;) 

= (Ci exp(7r-\/^mi)A(x) + C2 exp(— 7r-\/^mj)A(— a;))\E'g(a;), 

where the sign ± is determined by the branching of the function ^> g{x), and the func- 
tion Ci exp(7rA/^mj)A(x) + C2 exp(— 7r^/^mj)A(— x) also satisfies Eq. (j2.3|) . On the 
other hand, it follows from the definition of the space J^ei.eg that (CiA(x + 2uji) + 
C2A(-(x + 2uji)))-<^ g{x + 2uji) = ±{CiA{x) + C2A{-x))-^ g{x) for signs ±. By com- 
paring two expressions, we have exp(7rv^^mj) G {±1} {i = 1,3) and the period- 
icities of the functions A{x)'ifg{x) and (CiA(a;) + C2A(— a;))\E'g(x) coincide. Thus 
A(x), A(— a;) G J^ei,e3- The functions A(x)^ and A(— x)^ are even doubly-periodic 
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function and satisfy Eq. ()3.H) . because they are the products of a pair of solutions to 
Eg . (12.31) . Hence the dimension of the space of solutions to Eq. (j2.3|) . which are even 
doubly-periodic, is no less than two, and contradict the assumption of the proposition. 
Therefore the supposition Q 7^ is false, and we obtain (i). 

Next we show (ii). Assume that k 7^ 0. Since the exponents of Eq. ()2.3p at x = Ui 
are —k or Zj + 1, the function A(x) has a pole of degree k or a zero of degree /j + 1 at 
X = Ui- It follows from the periodicity (see Eq. ()3.12|) ) that, if the function A{x) has 
a zero at x = Ui, then A(x) has also a zero at x = —uji. Hence the function A(— x) 
has a zero at x = cUj. From the assumption Q 7^ 0, any solution to Eq. ()2.3p is written 
as a linear combination of functions A(x) and A(— x). But it contradicts that one of 
the exponents at x = Ui is — /j. Hence the function A(x) has a pole of degree and 
6« ^ 0. 

(iii) is proved similarly by showing that the function A(x) does not have zero at 
X = 0. □ 

By combining Propositions 13.71 and 13.101 (i) we obtain the following proposition: 

Proposition 3.11. Assume that the dimension of the space of solutions to Eq. \3.1]) . 

which are even doubly-periodic, is one. Then the condition Q = is equivalent to that 
there exists a non-zero solution to Eg. \2.'J\} in the space J-'ei,e3 for some ei, €3 G {±1}- 

We show that the function A(x) admits an expression of the Bethe Ansatz type. 

Proposition 3.12. Set I = XlLo^' + Y^fLi^i', h = k + Y^i'Li^i' and k = k {i = 
1,2,3). Assume that Q 7^ and the dimension of the space of the solutions to 
Eq. \3. 1]) . which are even doubly-periodic, is one. 

(i) The function A(x) in Eg. \3.Ji\l is expressed as 

Cn Y\\ 1 cr(x — tj) 

(3.32) A(x) = '-i ^ exp (cx) , 

g{x)o{xyoai{xY^a2{xY'^a'i{xY^ 

for some ti, . . . , ti, c and Cq{^ 0), where crj(x) {i = 1, 2, 3) are co-sigma functions. 

(ii) tj + tjf ^ {mod luj^L © luj^E}) for all 

(iii) If tj ^ ±5j/ {mod 2ujiL © 2C1J3Z) for all i' G {1, . . . ,M}, then we have tj ^ tji 
{mod 1uj{L © 2CJ3Z) for all /(^ j). 

(iv) Iftj = ±5i> {mod2uo{L®2uj^Z), then if{j'\tj = tj> {mod2uj{L®2uj2,Z)} = r^z + l. 

(v) Iflo 7^ (resp. Iq = 0), then we havec = X]!=iC(^i) (resp. c = Yl\=iCitj) + ^-)- 
(Note that it follows from Proposition \S. 1 (j that is finite.) 

(vi) Set z = p{x) and Zj = p{tj). Then 

(3.33) 



dz 



2^ 

P'itj) ' 



Proof. Let a be the value defined in Eq. (j3.19|) . First, we consider the case a ^ 
(mod 2a;iZ © 2u;3Z). Let n be the value defined in Eq. (j3.2(Jj) . Then the function 
Ag{x)/ {exp{Kx)^o{x,a)) is meromorphic and doubly-periodic. Hence there exists 
ai, . . . , a/', bi, . . . ,bi' such that ai -|- • • • -|- a;/ = 61 -|- • • • -|- 6;/ and 

A,(x)/ (exp(Kx)$o(x, a)) - " 



Ui=i (^{x 
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For the case a = (mod 1lli{L © IlO'^E) the function Ag(x)/ exp(/tx) is similarly- 
expressed as 

A,(a;)/exp(«:x) = ^ 

Since the function Ag(a;) satisfies Eq. ()2.12|) . it does not have poles except for tuiZ© 
cusZ. From Proposition 13.101 (ii), it has poles at x = cjj of degree li. Hence we have 
the expression 

(3.34) A,(x) = . . \ '\ exp (cx) , 

o-(,T)'"o-i(x)'icr2(x)'2cr3(a:;)'» 

for some ti, . . . ,ti, c and Co(7^ 0) such that tj ^ (mod cuiZ © uj^Z). Therefore we 
obtain (i) and that 2tj ^ (mod 2uJiZ © 2a;3Z). 

Suppose that tj + tji = (mod 2uiZ © for some j and j', From Eq. ()3.32|) 

and — = tj' (mod 2u;iZ © 2ci;3Z), we have Ag{tj) = Ag{—tj) = 0. Since Q 0, 
all solutions to Eq. (j2.12j) are written as linear combinations of Ag{x) and Ag{—x). 
Hence tj is a zero for all solutions to Eq. ()2.12j) . but they contradict that one of the 
exponents at x = tj is zero. Therefore we obtain (ii). 

If tj ^ ±6ir,uJi (mod 2u;iZ © 2a;3Z) for all i and i', then the exponents of Eq. ()2.12|) 
are and 1. Hence x = tj is a zero of Ag{x) of degree one. Incidentally, 
the exponents of Eq. ()2.12j) at x = ±5j/ are and r^/ + 1. Hence, if tj = ±Si' (mod 
2a;iZ © 2tt;3Z), then x = tj is a zero of Ag{x) of degree rj/ + 1. Thus we obtain (iii) 
and (iv). 

It follows from Ea. ipO^ that 

^ ■ ' A(x) °a(x) ^ V,(x) a(x-t,) ^ 2 p(x)-p(<5,)' 

By expanding Eq. ()3.(j|l at x = and observing coefficient of x*^, we obtain 



(3.36) c-x:c(t,: 



H(x) 



x=0 



= 0, and if Iq = 0, then ^^-r-y 

x=0 



is finite. Thus we obtain 

x=0 



because the functions (t'(x)/(t(x), (jj'(x)/(jj(x), p'(x)/(p(x) — p{Si')) and S'(x)/H(x 
are odd and a'{—t)/a{—t) = —({t). It follows from Q 7^ and Proposition 13. 1(JI that 

if /o 7^ 0, then ^ 

We show (vi). The function A(x)A(— x) is even doubly-periodic and satisfies 
Eq. (|3.1|) . because it is a product of the solutions to Eq. (j2.3p . Since the dimen- 
sion of the space of the solutions to Eq. (j2.3p . which are even doubly-periodic, is 
one, we have S(x) = CA(x)A(— x) for some non-zero constant C. Hence we have 
S(tj) = S(— tj) = 0. On the other hand, we have A{—tj) 7^ from (ii). At x = —tj, 
the l.h.s. of Eq. ()3.6p is finite, and the denominator of the r.h.s. is zero. Therefore we 
have 

(3.37) S'(x)U=_i^, + 2v^ = 0. 

By changing the variable z = p{x) and the oddness of the function p'{x), we obtain 
fvi). □ 
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4. The case M = 1, ri = 1 and Painleve equation 

We consider Eg. ()2.12|1 for the case M = 1, ri = 1. For this case, Eg. ()2.12j) is 
written as 

(4.1) {H,-E)f,{x)=0, 
where 

We set 

(4.3) vl/^(x) = y/pix) - p{Si), h = p{6i), 





i=0 



46f - ^2&i - ^3 2(6i - e 



(4.5) p = E- 2(/i/2e3 + /2/3ei + /3/ie2) + J]] kikci + 2(e, + 6i)). 



1=1 



The condition that, the regular singular points x = ±6i is apparent, is written as 



3 



(4.6) p = (46? - g^h - 93) I --"1 + E 673^-/^1 

- 61 (/l + ^2 + ^3 - /o)(/l +^2 + ^3 + ^0 + !)• 

From now on we assume that lo,li,l2,h ^ ^>o and the eigenvalue E satisfies Egs. fj4.5l 
I4.6|l . Then the assumption in Proposition 13.11 is true, and propositions and theorem 
in the previous section are valid. The function S(x) in Proposition 13. II is written as 

(4.7) E{x) = Co + . . /V, + ^?^(^ + ^^)'''- 

{p{x)-p{6i)) j^j^Q ^ 

It follows from Proposition 13.91 that the function S(x) is determined uniguely up to 
multiplicative constant. Ratios of the coefficients co/do and b^j^ /do {i = 0, 1, 2, 3, j = 
0, . . . , /j — 1) are written as rational functions in variables bi and /ii, because the coef- 
ficients b^j \ Cq and do satisfy linear eguations whose coefficients are rational functions 
in bi and /ii, which are obtained by substituting Eg. (|4.7|) into Eg. (|3.1|) . The value 
Q is calculated by Eg. ()3.3p and it is expressed as a rational function in bi and /xi 
multiplied by d^. We set 



(4.8) A{x) = v^exp / ^C^, A,(x) = A(a;)*,(x). 



[X) 

Due to Proposition 13. 3| the function Ag{x) is a solution to the differential eguation 
()4.H1 . By Theorem 13. 5| the eigenfunction Ag{x) is also expressed in the form of the 
Hermite-Krichever Ansatz. Namely, it is expressed as 

(4.9) A,(x) =exp(«:x) [Y^^^ f^)' 
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or 

(4.10) A,{x)=exp{Rx) fc + X^X]f (^)'^(^ + ^^) + E 

\ i=0 j=0 ^ ^ i=l 



^7, 



where I = Iq + li + I2 + h + 1, Iq = Iq + 1 and = k {i = 1, 2, 3). Now we investigate 
the values a and k in Eq. ()4.9|) . Note that, if a ^ (mod 2a;iZ © then the 

function Ag{x) is expressed as Eq. ()4.9p and we have 

(4.11) Ag{x + 2ujj) = exp(-2?7ja + 2ujjC{a) + 2Kujj)Ag{x), {j = 1, 3). 

Proposition 4.1. Assume that M = 1, ri = 1, loJi,l2,h ^ ^>o o'^f^ value p 
satisfies Eg. (|//.6p . Let a and k 6e the values determined by the Hermite-Krichever 
Ansatz (see Eg. Then p{o.) is expressed as a rational function in variables hi 

and fii, p'{a) is expressed as a product oj \/ —Q and a rational junction in variables h\ 
and /ii, and k is expressed as a product of \/~Q and a rational junction in variables 
hi and fii. 

Proof. We assume that Q 0. For the case Q = 0, the proposition is shown by 
considering a continuation from the case Q ^ 0. 
It follows from Eas. (nUM I701 OTTj) that 



(4.12) Ag{x + 2ujj) = exp 27]j - XI + 5Z ^'^^ + ^ - ^ lir]i j j 

\ \ i'=l i=l / \ 1=1 

for j = 1, 3. By comparing with Eq. ()3.17p . we have 
(4.13) 

- 2r]ia + 2uJi{C{a) + k) = -2t]i U' - ^ ki^^ + 2ul!i {^c - ^ lir]i | + 27rv^^ni 
(4.14) 

- 2'r]3a + 2uJ3{C{a) + k) = -27]^ i^U' h^^i j + 2c^3 [ c - ^ hrji j + 2ny^n3 



^i'=i 1=1 / \ 1=1 



^i'=i 1=1 / \ 1=1 



for integers Ui, n^. It follows that 
I 3 



(4.15) - ti> - ^ liUJij j {-2r]iuj3 + 2ri3Ui) = 27rv^(^ic^3 - ^^^i), 

(4.16) C(«) + K - c + X hiji {2risUJi - 2r]iUJs) = 27rv^(ni?73 - n^iji). 



1=1 



From Legendre's relation rjiuj^ — rjsUJi = ttv^— 1/2, we have 



3 



(4.17) a = ^ti>-^ kiu, (mod 2cJiZ © 2CJ3Z) 
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Combining Eqs. ()4.151 I4.16|) with Proposition 13.121 (v) and relations C(q^ + '^^i 
(■(a) + 2rji {i = 1,3), we have 



(4.18) = I ^ t^. - ^ l^u;, ] + ^ C(t.) - ^ ^^^^ + '^'o.o^- 

Next, we investigate values p{a), p'{a) and k. The functions p{Yl]=i ^j~Yl'i=i h^i), 

p'iJ2]=itj-J2Li ^i^i) and C(Ei=i^i-E?=i ^»^i)-Ej=i C(^j) + E?=i ^^Vi are doubly- 
periodic in variables ti, . . . ,t;. Hence by applying addition formulae of elliptic func- 
tions and considering the parity of functions p{x), p'{x) and C(^)) we obtain the 
expression 

(4.19) p (j^tj = E fnLjJPit^)^ . . . , p{ti))p'{t,,) . . . p'{t, 



"-Jill 



^1 = 1 i = l J il<i2<---<3rn 

m: even 

I 3 



p 



^j=l 1=1 / jl<j2<-<J" 

m: odd 



i 3 \ I 3 

,i=l i=l / j=l i=l 

m: odd 



where ^^(xi, . . . , x;) (i = 1,2,3) are rational functions in From 
Eq. ()3.33p . the function p'(tj)l \J—Q is expressed as a rational function in h\, [i\ and 
p(tj). Hence, p(Ej=i - ELi ^^^i)' p'(E5=i - E?=i ^^^i)/ v^-^ and (C(Ej=i - 
Ei=i ^i'^i) ~ Ej=i C(^j) + Ei=i U^i)/ \/~Q are expressed as rational functions in the 
variable p(ti), . . . , p(t/), &i and /^i, and they are symmetric in p(ti), . . . , p{ti). 

Since the dimension of the space of the solutions to Eq. (j2.3j) . which are even doubly- 
periodic, is one, we have S(a;) = CA(x)A(— x) for some non-zero scalar C. Hence, we 
have the following expression; 

(4.20) E(x)^g{x)^- ^h=l^^^ > ^y^>> 



{p{x) - eiY^{p{x) - e2Y^{p{x) - 63)^3 
for some value 0). Thus 
I 

(4.21) \[{p{x) - p{t,)) = E{x)^,{x)'{p{x) - e,y^{p{x) - e,f{p{x) - e,t/D. 

Hence, the elementary symmetric functions Eji<...<j;, Pi'^h) ■ ■ ■ pi^ji,) = 1, • • • , 
are expressed as rational functions in bi and fii. By substituting elementary symmet- 
ric functions into the symmetric expressions of p(Ej=i^i ~ J2i=i^i^i)y PiYl]=i'^j ~ 
huJi) and (C(Ei=i h - E?=i ^i^i) - H]=i C(^i) + E?=i hVi)/V^, it follows that 
p(E5=i tj - ELi h^i)' p'(Ei=i tj - Eti ^i^i)/ and (C(E5=i tj - Eti " 
Ej=i C(^j) + Ei=i ^i^i) / V~Q are expressed as rational functions in bi and /ii. Hence, 
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p{a), p'{a)/y/—Q and k/ \/ —Q are expressed as rational functions in variables h\ and 
/ii- □ 

We now discuss the relationship between the monodromy preserving deformation 
of Fuchsian equations and the sixth Painleve equation. For this purpose we recall 
some definitions and results of Painleve equation. 

The sixth Painleve equation is a non-linear ordinary differential equation written 

as 

^' ^ rft2 ~2 Va ^ A- 1 ^ A-ty Vrfty t-\^ \-t) dt 

A(A-l)(A-t) f«:L ^K\{t-\) ^(\~K^;)t{t 



t^{t-iy [2 2 A2 2 (A - 1)2 2 (A-t)2 

A remarkable property of this differential equation is that its solutions do not have 
movable singularities other than poles. This equation is also written in terms of 
a Hamiltonian system by adding the variable /x, which is called the sixth Painleve 
system: 

dX _ dHyi dfi _ dHyi 
^ ■ ^ dt dfi ' dt d\ 

with the Hamiltonian 

(4.24) i7^,=-^-l-^{A(A-l)(A-t)/i2 

- {ko{X - 1)(A - t) + KiX{X -t) + {Kt - 1)A(A -I)} 12 + k{X - t)} , 

where k = ((kq + ki + Ht — 1)^ — k^)/4. The sixth Painleve equation for A is obtained 
by eliminating fj, in Eq. ()4.23|) . Set Ui = 1/2, UJ3 = r/2 and write 

(4.25) t='-^, X= ^^^^-'\ 

62 - ei 62 - ei 

Then the sixth Painleve equation is equivalent to the following equation (see [3 [T2] ) : 
(4.26) 



dr"^ 47r2 



where p'{z) = {d/dz)p{z). 

It is widely known that the sixth Painleve equation is obtained by the monodnomy 
preserving deformation of a certain linear differential equation. Let us introduce the 
following Fuchsian differential equation: 

(4.27) 0+p,(„)J^+p,(u>), = O, 
where 

(4.28) Pi[w) = h 



w w — 1 w — t w — X 

, X t(t-\)Hyi X(X-\)ll 

(4.29) V2{w) = — / , + ^ 



w{%u — \) w{w — l){w — t) w{w — l){w — X) 

This equation has five regular singular points {0, l,t,oo,A} and the exponents at 
w = X are and 2. It follows from Eq. ()4.24p that the regular singular point w = X is 
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apparent. Then the sixth Painleve equation is obtained by the monodromy preserving 
deformation of Eq. (j4.23|) . i.e., the condition that the monodromy of Eq. (j4.27|) is 
preserved as deforming the variable t is equivalent to that /i and A satisfy the Painleve 
system (see Eq. ()4.23|) ). provided kq, ki, nt, i^oo ^ ^- For details, see [6J. 
Now we transform Eq. ()4.27|) into the form of Eq. ()4.2|) . We set 



(4.30) w = ^^^^^, l/ = /,(x)n(p(x^--V»/2 

62 — 61 



(4.31) t=^^^, A=^^^, p{6^) = h. 

62 - 61 62 - 61 

Then we obtain Eq. (j4.2p by setting 

(4.32) /€o = /i + l/2, fi:i = /2 + l/2, = ^3 + 1/2, k^ = Io+1/2, 

(4.33) /X = (62 - 6i)/ii, /€= (/1 + /2 + ^3 + ^0 + l)(^i + ^2 + ^3-/0), 

(4.34) Hyj = -1- {P±^ + A(l - X)^^ 

t{l -t) t 62 - 61 

(see Eqs. ()4.3H4.5j) ). and Eq. ()4.24|) is equivalent to Eq. ()4.(i|l . that means that the ap- 
parency of regular singularity is inheritted. Mapping from the variable x to the 
variable w (see Eq. (j4.3U|) ) is a double covering from the punctured torus (C/ {2uJiL + 
2co'3Z)) \ {0, cui, ^^2, '-<-'3} to the punctured Riemann sphere \ {0, l,t,oo}. A so- 
lution y{w) to Eq. ()4.27|) corresponds to a solution fg{x) to Eq. ()4.2p by y{w) = 
fgi^) n^=i(p(^) ^iY'^"^- Hence the monodromy preserving deformation of Eq. (j4.27p 
in t corresponds to the monodromy preserving deformation of Eq. fl4.2j) in r. 

Now we consider monodromy preserving deformation in the variable r {uJi = 
1/2,003 = 'i"/2) by applying solutions obtained by the Hermite-Krichever Ansatz for 
the case k G Z>q [i = 0, 1, 2, 3). Let a and k be values determined by the Hermite- 
Krichever Ansats (see Eq. ()4.9|) ). We consider the case Q 7^ 0. Then a basis for so- 
lutions to Eq. ()2.12j) is given by Ag{x) and Ag{—x), and the monodromy matrix with 
respect to the cycle x x + 2ujj (j = 1, 3) is diagonal. The elements of the matrix 
are obtained from Eq. (j4.11|) . Hence, the eigenvalues exp(±(— 2?7ja + 2a;jC(a) -1-2^0;^)) 
(j = 1, 3) of the monodromy matrices are preserved by the monodromy preserving 
deformation. We set 

(4.35) -2r/ia + 2cJiC(a) + 2kcji = TTv^Ci, 

(4.36) - 2r73a + 2cj3C(a) + 2kuj3 = ttV^Cs, 
for contants Ci and C3. By Legendre's relation, we have 

(4.37) a = C3UJ1 — C1UJ3, 

(4.38) K = CiCiLU, - CuJi) + CsVi - Ci?73, 

(see Eqs. (j3.19l I3.2(J|) ). From Proposition 14. H the value p{a){= p{C3UJi — Ciu^)) is 
expressed as a rational function in variables 61 and fii, the value p'{a){= p'iC^uJi — 
Cicua)) is expressed as a product of \J—Q and a rational function in variables h\ and 
/ii, and the value k(= C,{C\IjJj, — C'iUJx) + C-^rix — Ci?73) is expressed as a product of 
y/—Q and rational function in variables bi and fii. By solving these equations for bi 
and fii and evaluating them into Eq. ()4.2|) . the monodromy of the solutions on the 
cycles X — > a; + 2ui {i = 1, 3) are preserved for the fixed values Ci and C3. Let 70 
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be the path in the x-plane which is obtained by the pullback of the cycle turning 
the origin around anti-clockwise in the w-plane, where x and w are related with 
w = {p{x) — ei)/(e2 — ei). Then the monodromy matrix on 70 with respect to the 
basis (Ag(x), Ag(— x)) is written as 

(4.39) {A,{x),A,{-x)) ^ {A,{-x),A,{x)) = {A,{x) , A,{~x)) J J 

and does not depend on r. Since the fundamental group on the punctured Riemann 
sphere \ {0, 1, t, 00} is generated by the images of 70 and the cycles x ^ x + 2uJi 
{i = 1,3), Eqs.dOU describe the condit ion for the monodromy preserving 

deformation on the punctured Riemann sphere by rewriting the variable r to t. Sum- 
marizing, we have the following proposition. 

Proposition 4.2. We set ui = 1/2, = t/2 and assume that U e Z>o (i = 0, 1, 2, 3) 

and Q 7^ 0. By solving the equations in Proposition \4 ■ 1\ in variable bi = p{Si) and fii, 
we express p{Si) and /ii in terms of p{a), p'{a) and k, and we replace p{a), p'{a) 
and K with p{CsUi — Ciu^), p'^C^Ui — Ciu^) and ({CiUs — C^uji) + C^rji — Cirj^. 
Then 61 satisfies the sixth Painleve equation in the elliptic form 

(4.40) ^ = -^|E(^^ + V2)V(5i+-. 

I i=0 



We observe the expressions of bi and /ii in detail for the cases Iq = h = h = h = ^ 
and Iq = 1, li = I2 = h = 0. 



4.1. The case M = 1, ri = 1, Iq = li = I2 = I3 = 0. We investigate the case M = 1, 
ri = 1, /q = ^1 = ^2 = ^3 = in detail. The differential equation ()4.H1 is written as 

dx"^ p[x) — Oi ax p{x) — Oi J 

We assume that bi 7^ Ci, 62, 63. The condition that the regular singular points x = ±61 
{p{Si) = bi) are apparent is written as 

(4.42) p = -{4bl - g2bi - g3)fil + {Qbj - g2/2)fi, 

(see Eq. fl4.6|) ). The doubly-periodic function S(x) (see Eq. ()4.7|) ) which satisfies 
Eq. ()3.1|) is calculated as 

(4.43) Eix) = 2/.1 + \ . 

p{x) - bi 

The value Q (see Eq. (|3.3p ) is calculated as 

(4.44) Q = 2/ii(2/ii(ei - 61) + l)(2(e2 - 6i)/ii + l)(2/ii(e3 - 61) + 1). 
We set 



(4.45) A,(x) = v/H(x)(p(x)-6i) 



exp 



\/—Qdx 



(see Eq. ()4.8|l ). Then a solution to Eq. ()4.4Hl is written as Ag(x), and is expressed in 
the form of the Hermite-Krichever Ansatz as 

(4.46) Ag(x) = exp(/t2;)$o(2;,a) 



HERMITE-KRICHEVER ANSATZ 21 

for generic (/ii, bi). The values a and k are determined as 



(4.47) ^(") = ^^-^' ^'(«) = -^' "=^- 
Hence we have 

(4.48) /^i = -^' &i = P(«)-^- 
From Proposition 14.2^ the function 6i determined by 

p'iCsUJl - C1UJ3) 



(4.49) p{6i) = h = piC^ooi - Cioos) - 

= p{C,., - Cuj,) + 2^^^^^^^ _ ^^^^^ _ ^^^^^ _ ^^^^^^ 

is a solution to the sixth Painleve equation in the elliptic form (see Eq. ()4.4()|l ). This 
solution coincides with the one found by Hitchin ^ when he studied Einstein metrics 
and isomonodromy deformations. 

Now we consider the case Q = 0. If Q = 0, then /ii = or /xi = l/(2(6i — e^)) for 
some i G {1, 2, 3}. 

If /ii = 0, then a solution to Eq. ()4.41|) is 1(= Ag{x)) and another solution is written 

as 

(4.50) C{x) + bix{= J -{p{x) -h)dx). 

We investigate the monodromy preserving deformation on the basis si{x) = B{t) 
and S2{x) = ({x) + bix, where B{t) is a constant that is independent of x. The 
monodromy matrix with respect to the path 70 is written as diag(l,— 1). Since 
S2{x + 2ui) = S2{x) + 2{rji + oJibi) {i = 1, 3), the monodromy matrix with respect to 
the basis (si(x), S2{x)) on the cycle a; — > x + 2uji {i = 1, 3) is written as 

(-1 2{r]i+Wibi) 


To preserve monodromy, the matrix elements should be constants of the variable 
t{= UJ3/UJ1). Hence we obtain 

(4.52) 2{r], + LuA) = D,B{r), 

2{7]3 + U3bi) = D^Bir), 

for some constants Di and D^. By using Legendre's relation, we obtain that B{t) = 
ttV— l/(-^i^3 ~ DiUi) and 

fA c;q^ (X \ h -Pl??3 - D3V1 

= ^' = - D,u,-D,u, - 

Since Eq. ()4.53|) is obtained by monodromy preserving deformation, the function Si 
satisfies the sixth Painleve equation. 

If fj,i = 1/(2(61 — Cj)) for some i G {1,2,3}, then pj(x)(= Ag{x)) is a solution to 
Eq. (14.411) . and another solution is written as 

(4-54) p.ix) L_:;^_^^,, Cix + U^+ (l- (e.-e;;KeU) )4 (= 
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where i' and i" are elements in {1,2,3} such that i' 7^ i, i" 7^ i and i! < i". By 
calculating similarly to the case /ii = 0, we obtain that the function 61, which is 
determined by 

..... ... , (^2/4 - 2e^)(Di^3 - ^3^1) + e^jPiVs - D3V1) 

4.55 p{6i) =bi = — rr — ^ , 

is a solution to the sixth Painleve equation for constants Di and D^. 

We now show that Eqs. ()4.53l )4.55j) are obtained by suitable limits from Eq. ()4.49j) . 
Set (Ci,C3) = {CDi,CD3) in Ea. (IOn|l and consider the limit C ^ 0, then we 
recover Ea. Kfu^ . Similarly, set Ic^C-i) = {CDi,-l + CD3) (resp. (CuCs) = 
(-1 + CDi, 1 + CD3), (CuCs) = (1 + CDi,CD3)) and consider the limit C 0, 
then we recover Eq. ()4.55|) for the case i = 1 (resp. i = 2, i = 3). Hence the space of 
the parameters of the solutions to the sixth Painleve equation (i.e. the space of initial 
conditions) for the case /q = ^1 = ^2 = = is obtained by blowing up four points 
on the surface C/{27Ty/^Z) x C/(27r\/^Z), and this reflects the AiX AiX AiX Ai 
structure of Riccati solutions by Saito and Terajima [H]. 

4.2. The case M = 1, ri = 1, Zq = 1? ^1 = ^2 = ^3 = 0. The differential equation 
()4.1|) for this case is written as 

We assume that 61 7^ ei, 62, 63. The condition that the regular singular points x = ±Si 
{p{Si) = bi) are apparent is written as 

(4.57) p = -{Abl - g^br - g^)iil + {Qb\ - (?2/2)/xi + 26i 

(see Eq. ()4.(jj) ). The doubly-periodic function S(x) (see Eq. ()4.7|l ). which satisfies 
Eq. (|3.1|) . is calculated as 

(4.58) S(x) =p{x) + {{-Abl + bi92 + 9z)^A + (6&? - (72/2)^1 - 61) 

+ ((-46? + 61(72 + ^73)/xi/2 + 36? - (?2/4)/(p(x) - 61) 

The value Q (see Eq. fl3.3|) ) is calculated as 
(4.59) 

Q = -((2(46? - 61(72 - 9z)^A - (126? - (72)/i? + 4) (2(6? + ei6i + e2e3)/ii - 26i - d) 
(2(6? + 6261 + eie2)Aii - 26i - e2)(2(6? + 6361 + eiCg)/!! - 26i - 63). 

We set 

y/-Qdx 



(4.60) A,(x) = ^^{x){p{x)-b,) 



exp 



(see Eq. fl4.8p ). Then a solution to Eq. ()4.41|) is written as Ag(x), and it is expressed 
in the form of the Hermite-Krichever Ansatz as 

(4.61) kg{x) = exp(/tx) |$o(x, a) + ^$0(2;, a) | 
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for generic (/ii, bi). The values a and k are determined as 
(4.62) 

2(46? - b,g2 - g3)bifil + (-245? + 4(72&i + 8(73)/^? + (246? - 2g2)fii - 861 



(4.63) 



2(46? - 61(72 - (73)/U? - (126? - g2)fil + 4 
-4((46? - 61(72 - 93)f^l - (126? - (72)/x? + 126i/ii - 4) 



(2(46?-6i(72-^73)M?-(126?-(72)/x? + 4)2 ^ ^' 

(4.64) 



2/i 



-Q. 



2(46? - 6i^2 - 53)/i? - (126? - g2)fil + 4 
Hence we have 

2p{a)K^ - 3p'(<^)^^ + (6p(a)^ - fi'2)/^ - p(«)p'('^) 



2(/t3 — 3p(a)K + p'{a)) 
2{k.^ — 3p{a)K + p'{a))K 



(4.65) 6i : 

(4.66) /ii _2p/(^^)^3 + (12p(a)2 - ^2)^2 - 6p(a)p'(a)K + p'(a)2 ' 
From Proposition 14. 2[ the function 61 determined by 

(4.67) 

p(Si) = 61 = 

2piu;muj) - r^f + 3pX^)(C(a;) - y)' + (6p(a;)^ - ^2)(C(^) - v) + pHpX^) 
2((C(^) - vr - 3p(^)(C(^) - ^) - P'H) 
(c^ = Cic^3 - Cgcji, n = Cirj'i- C^rji), 

is a solution to the sixth Painleve equation in the elliptic form (see Eq. (|4.4Up ). In the 
sixth Painleve equation, it is known that the case (kq, ki, Kt, Kqo) = (1/2, 1/2, 1/2, 3/2) 
is linked to the case (kq, ki, Kt, Koo) = (1/2,1/2,1/2,1/2) by Backlund transforma- 
tion. For a table of Backlund transformation of the sixth Painleve equation, see 
PU] . By transformating the solution in Eq. ()4.49|) of the case (kq, Ki, k^, /too) = 
(1/2,1/2,1/2,1/2) to the one o f the case (kq, ki, k*, /too) = (1/2,1/2,1/2,3/2), we 
recover the solution in Eq. ()4.67p . 

Now we consider the case Q = 0. If Q = 0, then yUi is a solution to the equation 
2(46? - 61 (72 - g^)^A - (126? - (72)/i? + 4 = or /ii = (26i + e,)/(2(6? + e,6i + e? - g^/A)) 
for some i G {1,2,3}. We set u = D1UJ3 — D^uji and rj = DiTj^, — D^rji, where Di 
and D3 are constants. For the case that fii is a solution to the equation 2(46? — 
big2 — 9^)1^ ~ (126? — (72)/^? + 4 = 0, the corresponding solutions to the sixth Painleve 
equation are written as the function (5i, where 

4.68 p{5i) = 61 = — -— - — . 

u){g2U)^ - 12772) 

For the case /xi = (26i + ei)/(2(6? + 6^61 + e? - 5-2/4)) {i G {1, 2, 3}), we have 

4.69 p{6i) = 61 = — — ^ ^ . 

Note that these solutions are also obtained by suitable limits from Eq. ()4.67p . and 
Eq. ()4.68p (resp. Eq. ()4.69|) ) is transformed by Backlund transformation from Eq. ()4.53|) 
(resp. Ea. KE^ ). 
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5. Relationship with finite-gap potential 



5.1. The case M = and Heun's equation. For the case M = 0, Eq. ()2.1|l is 

transformed to Heun's equation, and the potential of the operator H{= — ^ + v{x)) 
(see Eq. fl2.4|) ) is written as 



(5.1) 



vix] 



i=0 



If lo,li,l2,h £ ^>o, then the function v{x) in Eq. ()5.1|) is called the Treibich-Verdier 
potential, and is an example of algebro-geometric finite-gap potential (see [121 12 UHl 
IT^). Recall that, if there exists an odd-order differential operator 



(5.2) 

such that 
(5.3) 



A 



j=0 



dx J 



X) 



A. 



dx'^ 



+ v{x) 



d_ 

dx 



0, 



29-l-i 



then v{x) is called an algebro-geometric finite-gap potential. For the case M = 
and lo,h,l2,h e Z>o, statements in Propositions EH ESI E!l l^mH I^TTTl I^TT^ 
and Theorem 13.51 in this paper hold true, because there is no constraint relation 
for the apparency of additional regular singularity. Moreover, the function S(a;) in 
Proposition 13.11 is written as 



(5.4) 



(x)E' 



i=l 



for some g G Z>i and even doubly-periodic functions ai{x) {i = 0, . . . , g — 1), and 
the constant Q is a monic polynomial in E of degree 2g + 1 (see ^Sl)- The com- 
muting operator A is described by using functions ai{x) {i = 1, . . . ,g). The eigen- 
function A(a;) (see Eq. ()3.4|1 ) of the operator — ^ + v{x) is expressed in a form of the 
Hermite-Krichever Ansatz (see Theorem 13. 5^ . It is shown in [T^ that the values p(a), 
p'{a) I \f—Q and k/ \f—Q are expressed as a rational function in E^ and it follows that 
the global monodromy of Heun's equation for the case /q, /i, li-, h G ^>o is written as 
an elliptic integral. On the other hand it is known that global monodromy is also 
expressed by a hyperelliptic integral (see [IS])- By comparing the two expressions, 
we obtain a hyperelliptic-to-elliptic integral reduction formula (see [TB]). 

5.2. The case M = 1 and ri = 2. For the case M = 1 and ri = 2, the differential 
equation in the elliptic form is written as 

d^ 



(5.5) 

where v(x) is written as 



dx'^ 



+ vix)-E\ fix) = Q, 



(5.6) v{x) =2{p{x - Si) + p{x + Si)) + 



Sl 



p{x) - p{Si 



+ ^hik + l)p(a; + UJi). 
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Set bi = p{Si). The condition that the regular singularity x = ±6i of Eq. ()5.5|) is 
apparent (which is equivalent to that the regular singularity z = bi of Eq . (12.41) is 
apparent) is written as 

(5.7) si + {Ubl - g2)sl + (4(46? - g2b^ - g^)E + h{b^))s^ + /o(6i) = 0. 
where /i(&i) and /o(&i) are given by 

(5.8) /i(6i) = - 2(2/2 ^ + 5)6i(46? - g^b^ - g^) + (66? - g^/lf 

- 8(2/2 ^ 2/, + l)(6, - 62) (6i - e3)(ei6i + + 6263) 

- 8(2/2 ^ 2/2 + l)(6, - ei)(6i - 63) (6261 + e2 + e^e^) 

- 8(2/2 ^ 2/3 + 1)(6, - ei)(6i - e2)(e36i + e2 + eiCa), 

(5.9) /o(fei) =(2/o + 1)2(46? - (7261 - gzf 

- 16(2/i + l)2(ei - e2)(ei - e3)(6i - 62)2(61 - 63)' 

- 16(2/2 + 1)2(62 - 6i)(62 - 63)(6i - 6i)2(6i - 63)' 

- 16(2/3 + 1)2(63 - 6i)(63 - 62)(6i - 6i)2(6i - 62)'. 

If Si = 0, then we obtain an equation 

(5.10) /o(&i)=0. 

Then the value 61 is determined by this equation, and does not depend on the value 
E. 

Assume that si = and the value 61 satisfies Eq. ()5.10|) . Then the function S(x) is 
expressed as Eq. fl5.4|) . and similar properties are valid as in similar arguments writ- 
ten on Heun's equation in ^3]. In fact, a commuting operator of an odd degree 
is constructed from the function S(x), and we recover the results by Treibich [TH] . 
Moreover, a solution to Eq. ()5.5p is expressed in the form of the Hermite-Krichever 
Ansatz, monodmony has two integral representations that are ellptic and hyperellip- 
tic, and hyperelliptic-to-elliptic integral reduction formulae are obtained. Details will 
be reported in [T7j . 

Thus, if we restrict our discussion to the case Si = and that 61 satisfies Eq. (l5.1(Jj) . 
then the potential of the operator H (see Eq. ()5.6p ) is a finite-gap, which recover the 
results by Treibich |18j and Smirnov JT]. In other words, the potential is Picard's in 
the sense of Gesztesy and Weikard jSj- Note that Smirnov obtained expressions like 
Eqs. fl5.4t 13. 4|) and calculated several examples in |TTj. 

6. Concluding remarks 

We have shown in sections El and |3] that solutions of the linear differential equation 
that produces the sixth Painleve equation have integral representations and that they 
are expressed in the form of the Hermite-Krichever Ansatz. Furthermore we got a 
procedure for obtaining solutions of the sixth Painleve equation (see Eq. ()4.26p ) for 
the cases kq, ki, k*, Koo G Z + 1 by fixing the monodromy, and we presented explicit 
solutions for the cases (kq, Ki, k*, Koo) = (|, |, |, \) and (|, |, |, |). 

By Backlund transformation of the sixth Painleve equation (see [201 etc.), Hitchin's 
solution (i.e., solutions for the case (kq, ki, k*, /too) = (|) ^? |? ^)) is transformed to 
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the solutions for the case [kq, Ki, Kt, /too) G Oi U O2, where 

1 



(6.1) Oi = { {Kq, Ki, Kt, K^)\ko, Ki, Kt, K,^ e Z . ^ 



(6.2) O2 = < (ko, Ki, Kt, Koo) 



Ko, Ki, Kt, Koo e Z 
Ko + Ki + Kt + Koo G 2Z 

Note that solutions for the case {kq, ki, Kt, Kqo) = (0, 0, 0, 0)(g O2) are already known 
and are called Picard's solution. 

For the case {kq, ki, Kt, Koo) € Oi, solutions of the linear differential equation are 
investigated by our method, and solutions of the sixth Painleve equation follow from 
them. On the other hand, for the case {kq, ki, Kt, Kqo) G O2, we cannot obtain results 
on integral representation and the Hermite-Krichever Ansatz by our method, although 
solutions of the sixth Painleve equation are obtained in principle by Backlund trans- 
formation. Note that the condition {kq, Ki, Kt, Kqo) G Oi corresponds to the condition 
/o, . . . , /s G Z + i, /o + /i + /2 + /s G 2Z. 

Now we propose a problem to investigate solutions and their monodromy of the 
linear differential equation fEq. ()4.1|) with the condition ()4.6p ) for the cases /q, • • • , ^3 G 
Z + i, ^0 + ^1 + ^2 + ^3 G 2Z. In partiuclar, how can we investigate solutions and their 
monodromy of the linear differential equation for the case Kq = ki = Kt = k^o = 
(i.e. /o = /i = /2 = /3 = -1/2)? 

Appendix A. Elliptic functions 

This appendix presents the definitions of and the formulas for the elliptic functions. 
The Weierstrass p-function, the Weierstrass sigma-function and the Weierstrass 
zeta-function with periods {2uJi,2u)3) are defined as follows: 

(A.l) p{z) = ^ + Yl \(z-2mui-2nuJsy ~ (2muJi + 2nuj3y) ' 

{m,n)eZxZ\{(0,0)} ^ 6J \ i ' 61/ 

a{z)=z n 

{m,n)eZxZ\{(0,0)} ^ 



2mijJi + 2nijj-i 

2 



z z 
exp I h 



2muj\ + 2nuj'^ 2{2muJi + 2nuj3) 



C(^) 



(T'(Z 



a[z) 

Setting UJ2 = —uji — 003 and 

(A.2) Ci = p{uji), Tji = C(t^i) {i = 1, 2, 3) 

yields the relations 

(A. 3) d + 62 + 63 = r^i + + % = 0, 

Vi^3 - Vs^i = ^3^2 - V2^^3 = V2^i - Vi^2 = 7rv^^/2, 
p{z) = -C{z), {p{z)f = 4:{p{z) - ei){p{z) - e2){p{z) - 63), 
a(z + z)a(z — z) 



- p{z) 



aizYai-zY 
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The periodicity of functions p{z), ({z) and cr(z) are as follows: 
(A.4) p{z + 2uj^) = p{z), C{z + 2ui) = C{z) + 2r]i {t = 1,2,3), 

(7(z + t + 2LJi) a(z + t) 

a{z + 2uJi) = -(7{z) exp{2r]i{z + cuj), — = exp{2r]it) -— 

a[z + ZUi) cri^j 

The constants g2 and are defined by 

(A.5) 6-2 = -4(eie2 + 6263 + 6361), 5(3 = 4616263. 

The co-sigma functions ai{z) {i = 1,2,3) and co-p functions pi{z) [i = 1,2,3) are 
defined by 

(A.6) ai{z) = exp{-r]iZ) , pi[z 



a[uJi) a[z) 
and satisfy 

(A.7) p,{zf = p{z) - Ci, {1,1' = 1,2,3) 

pi{z + 2uJi,) = exp{2{r]i>LJi - T]iLJi>))pi{z) = {-l)^'--'' pi{z) . 
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